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Aggressive motions are often discouraged when a system has flexible dynamics. Common practice suggests that

smooth commands, such as S-curves, should be used to drive the system. However, smooth commands cannot be

implemented on some actuators, such as the on/off thrusters used on spacecraft or on/off valves used with hydraulics

and pneumatics. Furthermore, smooth commands can lead to sluggish response. A rigorous comparison of smooth

and nonsmooth reference commands is presented in this paper. The evaluation is performed by treating smooth

command profiles as input-shaped functions. Input shaping is amethod of reducing residual vibration by convolving

a sequence of impulses with a baseline reference command. By interpreting smooth commands as input-shaped

functions, a common criterion for comparing smooth and nonsmooth commands is developed. The results of this

comprehensive comparison indicate that input-shaped step functions are usually more efficient for reducing

vibration than commonly used smooth commands. A portable tower crane is used to experimentally verify the

comparison between input-shaped and smooth commands.

I. Introduction

F LEXIBLE systems are often driven by smooth command
profiles such as S-curves, trigonometric transition functions,

Gaussians, and cam polynomials. Common practice suggests that
these reference profiles do not produce rapid motions, which induce
deflection and vibration. Consequently, these commands are de-
signed to have smooth transitions between boundary conditions.
However, these methods usually fail to fully exploit the known
dynamic properties of the system. Instead, they simply provide a low-
pass filtering effect. While low-pass filtering can reduce residual
vibration, it is inefficient because it incurs a large rise-time penalty
[1,2]. Furthermore, smooth commands cannot be implemented on
some actuators, such as on/off thrusters [3,4].

Rather than relying on slow-acting smooth commands to move a
system, input shaping reduces vibration by convolving a baseline
reference command with a sequence of impulses (an input shaper).
This input-shaping process is illustrated in Fig. 1 with a step input
p�t� and an input shaper containing two positive impulses. The result
of the convolution is a two-step command, u�t�. The command-
shaping process shown in Fig. 1 was first proposed in the late 1950s
as a means to reduce vibration in flexible systems [5,6]. It has since
been implemented on a wide variety of machines [7]. For example,
the performance characteristics of satellites [8–17] have been
significantly improved with input shaping.

If the input-shaper impulses are chosen appropriately, then the
commands generated by the input-shaping process can be compat-
ible with on/off thruster jets [12–15,18,19]. Such a case is shown in
Fig. 2. Input-shaped commands are not, in general, smooth functions.

However, they can be smooth if the initial command is smooth. Such
a case is shown in Fig. 3.

The key to designing an input shaper is knowledge of the system’s
natural frequency ! and damping ratio �. This information gives the
amplitudes and time spacings of the impulses in the input shaper. For
example, the time locations and amplitudes of the impulses shown in
Fig. 1 are [5,20]
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and Td is the damped period of vibration. The input shaper given in
Eq. (1) eliminates the vibration at the frequency !. To eliminate
multiple vibration modes, additional shapers or more complex
shapers are required [21–24]. The design of these shapers will be
addressed in Sec. III.

Significant distinctions can be made between input-shaped com-
mands and smooth commands on the basis of their shape, design
approach, and system response. In most cases, the smooth profiles
have the effect of a low-pass filter, while input shaping is similar to a
notch filter superimposed on whatever effect the baseline reference
command produces. A fewprevious papers have indicated that input-
shaped commands move systems faster than smooth commands
[25,26]. Somework has sought to optimize the shape of S-curves and
other smooth commands in order to improve their vibration sup-
pressing qualities for specific vibration modes [27–33].

An important contribution of this paper is a procedure, which
demonstrates that both smooth and input-shaped commands can be
analyzed in the same way. The basic hypothesis is that smooth
commands can be decomposed into a baseline function convolved
with an input shaper. This analysismethod is discussed in Sec. II. The
technique is used to explain vibration-reducing properties of several
types of smooth and input-shaped step commands. Section III then
compares the rise times achieved with smooth commands to those
achieved with input-shaped step commands. Section IV investigates

Received 9 April 2010; revision received 2 July 2010; accepted for
publication 6 July 2010. Copyright © 2010 by William Singhose. Published
by the American Institute of Aeronautics and Astronautics, Inc., with
permission. Copies of this paper may be made for personal or internal use, on
condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0731-5090/10 and $10.00 in correspondence with the CCC.

∗Associate Professor, Woodruff School of Mechanical Engineering.
†Mechanical Engineer.
‡Research Assistant, Woodruff School of Mechanical Engineering.

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 33, No. 6, November–December 2010

1697

http://dx.doi.org/10.2514/1.50270


robustness to modeling errors. Experimental results from a tower
crane that illustrate the key findings are reported in Sec. V.

The most significant contribution of this paper is a comprehensive
comparison of input shaping and command smoothing. The results of
this comparison indicate that input-shaped step functions are almost
always preferable to smooth commands. The only exception is when
the system has a large range of uncertain modes that are much higher
in frequency than the dominant low modes. Furthermore, these
modes must contribute a measurable amount of amplitude to the
residual vibration response for command smoothing to be needed. In
this special case, a very aggressive smooth command can replace the
baseline step command in the input-shaping process. Therefore,
there are special situations when an intelligent combination of
command smoothing and input shaping is a judicious and effective
solution.

II. Decomposition of Smooth Commands

To identify the baseline function and the corresponding input
shaper that produces a smooth command, it is useful to convert the
command r�t� from the time domain into the Laplace domain. Thus,
the Laplace transform of the command, R�s�, is the product of the
baseline function B�s� with a sequence of impulses I�s�:

R�s� � B�s�I�s� � B�s�
Xn
i�1

Aie
�tis (3)

where n is the number of impulses, and Ai and ti are the amplitudes
and time locations of the impulses, respectively. This deconvolution
is always possible for any command R�s�. For example, a funda-
mental case that always works is when a single unity-magnitude
impulse is used as the impulse sequence. This results in the trivial
answer of B�s� � R�s�. The challenge is to deconvolve meaningful
input shapers that indicate what vibration frequencies the smooth
command will eliminate.

A. Position S-Curves (Triangular and Trapezoidal Velocities)

As an illustration, consider an S-curve in displacement with a unit
rise. This position profile is a piecewise function described by
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whereRc is the rise time of the S-curve. Taking the Laplace transform
of r�t�, one obtains
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Expression (5) is the product of two functions:
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and

I�s� � 1 � 2e
�Rc
2 s � e�Rcs (7)

In the time domain, this product represents the convolution of the
baseline function

b�t� � 2
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; t � 0 (8)

with a sequence of impulses given by

i�t� � 1 � 2�

�
t � Rc

2

�
� ��t � Rc� (9)

Figure 4 shows this convolution for the case ofRc � 1 s. It is now
obvious than an S-curve can be considered as an input-shaped
command, where the baseline function is given in Eq. (8) and the
input shaper is given in Eq. (9) or, more explicitly, as
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If the S-curve has a constant-velocity center section, then the
convolution process would be as shown in Fig. 5. If the S-curve in
Fig. 5 is a displacement function, then it corresponds to a trapezoidal
velocity profilewith amaximumvelocity vm and an acceleration of�.
(The S-curve in Fig. 4 corresponds to a triangular velocity profile.) In
this case, the baseline function is similar to the one in Eq. (8),
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and the shaper is given by
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where xd is the desired displacement.

B. Residual Vibration Analysis

Decomposing a command into an input shaper and a baseline
function offers benefits for residual vibration analysis. If the input
shaper causes no residual vibration when applied to the system, then
the shaped input (the smooth function) will also cause no residual
vibration. A special exception arises when the baseline function
continually drives the system in a periodic manner. This special case
will be discussed in Sec. II.D.

Figure 6 shows the magnitudes of the Fourier transforms of b�t�,
i�t�, and r�t� for the S-curve shown in Fig. 4. When viewed in the
Fourier domain, it is clear that the baseline function is a low-pass
filter. On the other hand, the input shaper is a multinotch filter. For
this particular example, it eliminates frequencies at 2, 4, 6 Hz, etc.
The transform of the S-curve is obtained by multiplying the
transform of the baseline function and the transform of the input
shaper. Therefore, the S-curve is a combination of low-pass and
multinotch filters. Using this Fourier description, it is easy to predict
some properties of an S-curve command. For example, it is clear that
the command cannot excite systems that have modes corresponding
to the notch frequencies at 2, 4, 6 Hz, etc. It is also apparent that high
frequencies will not be excited by the S-curve.

As an example, Fig. 7 shows the percentage overshoot of an
undamped second-order system that is driven by the S-curve in
Fig. 4, as a function of the oscillation frequency. As expected from
Fig. 6, the notch frequencies of the shaper correspond to the zero-
vibration frequencies of the system response, which occur at multi-
ples of 2 Hz for the case shown. Furthermore, if the system frequency
is above 6 Hz, then there is essentially no overshoot.

The trapezoidal velocity commands generated with Eq. (12), will
cause vibration responses similar to the triangular velocity profiles

generated with Eq. (10). However, the amplitude of vibration is a
complex function of both the move distance and the velocity limit.
For example, Fig. 8 shows the response of a mass-spring-mass
system when the move distance is fixed at 10 units, but the velocity
limit vm is varied between 0.5 and 1:0 units=s. The spring constant
was set to 1 and each of the mass values was set equal to 0.5. As the
velocity limit increases, the system moves faster, but the amount of
transient deflection and residual vibration changes in a complicated
manner. Both the fastest and slowest commands cause approximately
the same amplitude of vibration, while the intermediate velocity of
0.8 induces almost no residual vibration.

To better understand the vibration phenomenon, Fig. 9 plots the
residual vibration amplitude as a function of the velocity limit. Note
that when the maximum allowable velocity reaches a critical level
(just over 3 units=s in this case), the coast period goes away and the
trapezoidal velocity command converges to a triangular velocity (S-
curve in position) command. After this point, increasing the maxi-
mum allowable velocity has no effect on the command. Figure 10
shows the residual vibration amplitude as a function of both themove
distance and the maximum velocity over a fairly small region of
parameter values. Even over this small area, the amplitude of vibra-
tion varies widely and is a complicated function of the two motion
parameters.

Plots of the magnitude of the Fourier transform of the command
signals, such as those in Fig. 6, offer immediate insight into the
vibratory response of a system driven by the command [34]. How-
ever, they are not the most useful representation for describing input-
shaper effectiveness. The weakness lies in the nonintuitive units on
the vertical axis. When the magnitude of the Fourier transform is
nonzero, it is unclear if the vibration is large or small.

Input shapers are usually assessed using a sensitivity curve that has
a percentage residual vibration on the vertical axis. This represen-
tation shows how much vibration occurs with input shaping
compared to the vibration without input shaping. Note that this
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representation is more similar to the percentage overshoot shown in
Fig. 7 than the Fourier magnitude shown in Fig. 6. Furthermore, the
horizontal axis of a sensitivity curve is often labeled with a
normalized frequency formed by dividing the actual natural fre-
quency, !a, by the modeled natural frequency, !m.

Figure 11 shows the sensitivity curve for the zero-vibration (ZV)
shaper given in Eq. (1). The shaper will cause no vibration when the
modeling frequency is correct (!a=!m � 1). However, if there is a
modeling error, then there can be a considerable amount of residual
vibration. If the model is off by a factor of 2, then the ZV shaper will
induce the same amount of vibration as when input shaping is not
used. This is theworst possible case, because the sensitivity curve for
the ZV shaper never exceeds 100%.

Given that S-curves can be decomposed into a baseline function
convolvedwith an input shaper and input-shaper effectiveness can be
measured using sensitivity curves, S-curves and input-shaped step
commands can now be directly compared. Avery important result of
this decomposition analysis is that the shaper in Eq. (10) used to
construct the S-curve has a duration that is twice the period of thefirst
vibration mode that it suppresses. (In the above example, the S-curve
had a duration of 1 s and the first mode it cancelled was 2 Hz.) The S-
curve input-shaper duration is very long compared to traditional
input shapers. The duration of the ZV shaper given in Eq. (1) is only
one-half of the period of the vibration. Note that the second impulse
in the S-curve shaper has a negative amplitude. If an input shaper is
allowed to contain a negative impulse, then it can suppress vibration
even faster. For example, the unity-magnitude ZV (UMZV) shaper
given by
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is only one-third of a vibration period [35]. Therefore, in order to
cancel vibration, an S-curve must be four times longer than a
command formed by shaping a step function with a ZV shaper, or six
times longer than a command formedwith aUMZVshaper. This time
lag of the S-curve translates into sluggish system response. The
benefit of the S-curve is a low-pass filtering effect that is entirely
unneeded unless the system has problematic high frequencies.
Comparisons of command effectiveness on multimode systems will
be discussed in Sec. III.

C. Other Smooth Commands

The deconvolution analysis presented above is not limited to
S-curves. It can be applied to other types of smooth command
profiles, such as versine functions and transition profiles resulting
from the superimposition of ramps and sinusoidal functions.
Consider a smooth trigonometric transition function with a single
change in concavity during the rise:
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whereRt is defined to be the rise time of the transition function. In the
Laplace domain, Eq. (14) corresponds to
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Therefore, the baseline command is given by
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The input shaper associated with the above baseline command is
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D. Periodic Baseline Functions

When the deconvolution analysis yields a periodic baseline
function, as was the case for the transition function above, the system
may respond in an oscillatory manner at the period of the baseline
function. This oscillation can occur even when the input-shaper
analysis predicts zero residual vibration. This does not mean that the
analysis is faulty. Rather, it means that the command has a compo-
nent function that is driving the system in a periodic manner, so the
system will naturally have some response to the periodic portion of
the command.

Consider another case where the smooth command is a piecewise
versine reference command of rise time Rv defined as
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where
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Converting Eq. (18) into the Laplace domain yields
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The corresponding time-domain function r3�t� is composed of the
baseline function
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and the input shaper:
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The input shaper in Eq. (22) is equivalent to the UMZV shaper in
Eq. (13) when Rv is set equal to one-third of the system oscillation
period. A sensitivity curve for the UMZV shaper is shown in Fig. 12.
Of course, the residual vibration at the modeling frequency
(!a=!m � 1) is zero. But note that the sensitivity curve reaches a
maximum of 300% at several high frequencies. In other words, those
modes will be excited three times more than without input shaping.
However, given that the shaper in Eq. (22) is used in conjunctionwith
the low-pass filtering effect of the baseline function in Eq. (21), it is
unlikely that high-mode excitation will be a problem.

Given the equivalence between the versine shaper in Eq. (22) and
the UMZV shaper in Eq. (13), it would seem that vibration could be
eliminated by setting Rv equal to one-third the system period. For
example, Rv would be set to 1/3 s to suppress a 1 Hz frequency.
Figure 13 shows the percentage overshoot of an undamped second-
order system driven by such a versine function, as a function of the
system frequency. Perhaps unexpectedly, the vibration of a 1 Hz
system is not suppressed, as was predicted by the sensitivity curve in
Fig. 12. Note, however, that the higher sensitivity curve zeros at 5, 7,
11 Hz, etc., are zero overshoot frequencies in Fig. 13.

The explanation lies in the baseline function and how it affects the
pole/zero cancellation provided by the input shaper. Since the earliest
descriptions of input shaping in the 1950s, it has been known that
input shaping creates commands that have zeros near the flexible
poles of the system [6,34,36,37]. In the case of an undamped second-
order system, the plant transfer function has two purely complex

poles located at the system natural frequency,!n. The UMZV shaper
places zeros along the imaginary axis, as shown explicitly in Fig. 14a
and also by the notch frequencies in Fig. 12. The zeros are located at k
multiples of the modeling frequency, where k� 1; 5; 7; 11; . . .. The
first pair of zeros overlay the system’s vibratory poles.

A special case arises when the baseline command is a trigono-
metric function that has its own poles, such as the versine function in
Eq. (21). To examine this effect, consider the case above where
Rv � 1=3 s. For a 1 Hz (2� rad=s) vibration, which should be
eliminated by the UMZV shaper, the vibration period is 2�=!n, so

Rv �
2�

3!n
(23)

Now substitute Eq. (23) into the Fourier transform of b3�t� to get

B3�j!� �
1

j!��j!�2
!2
n
� 1�

(24)

The above expression shows that the baseline command of the
versine profile,b3�t�, adds an additional pair of purely complex poles
located at !� !n. These coincide with the poles from the flexible
system, as shown in Fig. 14b. TheUMZV shaper can cancel only one
of the poles at !� !n. Therefore, to achieve zero vibration in the
shortest possible time, the second pair of zeros from the UMZV
shaper must be used to cancel the flexible poles of the system. (The
first pair of zeros provided by the UMZV shaper must cancel the
complex poles of the versine function.) To accomplish this
cancellation, the rise time of the versine function must be increased
by a factor of 5. The resulting pole/zero cancellation is illustrated in
Fig. 14c.
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To summarize, the fastest rise time to suppress vibration using a
versine profile is

Rv �
10�

3!n
� 5T

3
(25)

This is five times slower than a step input convolved with a UMZV
shaper. However, it is slightly faster than the S-curve command,
which requires a rise time of 2T to cancel a vibrational mode.

This example illustrates that one can gain valuable insight from
analyzing the input-shaper component of a smooth profile. However,
care must be taken if the baseline function that arises from the
analysis is periodic. The periodic function will provide additional
poles that drive the system in a periodic manner.

III. Rise-Time Comparison

The previous section showed that canceling vibration by using
smooth commands takes much longer than with input-shaped step
commands. This section more thoroughly compares the rise times of
input-shaped step commands and smooth commands by examining a
range of systems.

A. Single-Mode Systems

In this subsection, smooth commands and input-shaped steps are
used to drive a second-order harmonic oscillator characterized by

G�s� � !2
n

s2 � 2�!ns� !2
n

(26)

Figure 15 shows the residual vibration induced by several
S-curves, as a function of the system frequency when �� 0. The
residual vibration ismeasured by the percentage overshoot. Each line
corresponds to a different S-curve rise timeRc. The curves are shifted
in frequency and their widths are stretched by a factor inversely
proportional toRc. Specifically, the rise time of the S-curve is related
to its first notch frequency f1 by

f1 �
2

Rc
(27)

This is the lowest vibration frequency that can be suppressed with an
S-curve command. Stated differently, to suppress a vibration
frequency, the rise time of the S-curvemust be twice the period of the
vibration being suppressed.

For comparison purposes, a step command convolved with a ZV
shaper is applied to the same system. The shaping process increases
the rise time of the baseline command by the duration of the shaper.
The rise time of the ZV shaper, RZV , is equal to one-half of the
vibration period:

RZV � 0:5T1 (28)

Combining Eqs. (27) and (28) yields

RZV � 0:25Rc (29)

Therefore, eliminating vibration with an S-curve takes four times
longer than when using a step command shaped with a ZV shaper.

The relationship in Eq. (29) applies strictly to the rise times of the
commands. The rise times of the system response that the commands
induce are somewhat different. However, the rise time of the system
will approximately track the rise time of the command. This is shown
in Fig. 16, where the 99% rise time of a second-order system is
plotted versus the natural frequency of the system for different Rc
values. The response rise time varies somewhat, but it is close to the
rise time of each of the 3 S-curves shown. The frequencies cancelled
by each S-curve are denoted by X. These frequencies are the troughs
shown in Fig. 15.

For comparison, Fig. 16 also includes the rise time when a ZV-
shaped step input is used. Comparing the rise time of the shaped step
to the first frequency canceled by the S-curves (the first X on each
curve) reveals that the shaped step produces a rise time that is
approximately four times faster in each case. This confirms Eq. (29)
as a valid rise-time measurement.

Referring back to Fig. 15, it is obvious that the S-curves only
cancel select frequencies. However, the ZV-shaped step commands
cancel vibration at every frequency shown in Fig. 16. This exact
cancellation occurs because a different ZV shaper is used for each of
the frequencies shown in the figure. On the other hand, the S-curves
are not designed to suppress each individual frequency. Rather, they
are designed by setting their rise time to achieve a desired roll-off
frequency.

The time savings provided by the ZV shaper should not be
surprising. Input shaping uses knowledge of the natural frequency
and damping ratio to directly target the vibration problem. On the
other hand, the S-curve profile relies on its smoothness to minimize
the excitation of all vibrations above its roll-off frequency. Further-
more, the input-shaper impulse time locations and amplitudes
constitute control parameters that can be varied. When using an
S-curve, only the command rise time can be adjusted to affect the
vibration suppression.

B. Two-Mode Systems

Consider an undamped two-mode system represented by the
following state-space model:

A�

0 1 0 0

�!2
1 0 0 0

0 0 0 1

0 0 �!2
2 0

2
664

3
775 B� 	 0 1 0 1 
T

C� 	 0 1 0 1 
 D� 0 (30)

Assume a specific case when the natural frequencies are 2 and
3.1 Hz. First, an S-curve reference command is used to drive the
system. As noted earlier, the low-pass filtering effect of the S-curve
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profile helps reduce high-frequency vibrations. Therefore, for this
case, Rc could be chosen to only ensure that the residual vibration
from the 2 Hz mode is eliminated. However, this does not mean that
there will be zero vibration at 3.1 Hz. This becomes evident by
reexamining the dashed line in Fig. 15. If Rc is 1 s, then the vibration
at 2Hz is completely eliminated; however, therewill be some amount
of vibration at 3.1 Hz. Thus, a better solution might come from
choosing Rc � 2 s, because this command eliminates 2 Hz and also
suppresses frequencies near 3 Hz, as shown by the dotted line in
Fig. 15.

It is evident that the design of S-curves for multimode systems is
not well defined. Nevertheless, S-curves can be designed to
completely cancel two vibration modes. The dashed line in Fig. 17
shows the command duration as a function of the mode ratio !2=!1

when S-curves are designed to completely suppress two undamped
modes. Mode ratios that are close to integer numbers can be
cancelled with an S-curvewhose duration is approximately twice the
low-mode period. This is because the S-curve shaper in Eq. (10)
provides amultinotch filtering effect that cancels integermultiples of
the low frequency. However, Fig. 17 demonstrates that the rise
time can be considerably lengthened for multimode systems when
S-curves are used to suppress vibration.

Input shaping is straightforward to use on multimode systems
[21,23,24,38]. Shapers designed for each mode separately can sim-
ply be convolved to create a shaper that will eliminate both modes.
The process can be extended to any number of modes. Instead of
convolving single-mode shapers together, rise time can be improved
somewhat by simultaneously solving the vibration constraints for
each mode [21]. The solid line in Fig. 17 shows the rise time for a
two-mode ZV shaper as a function of the mode ratio. Note that for all
mode ratios it is substantially faster than an S-curve, which is shown
by the dashed line. For 2 and 3.1 Hzmodes, the two-mode ZV shaper
obtained by direct solution is

ti
Ai

� �
� 0 0:1959 0:3918

0:281 0:438 0:281

� �
; i� 1; 2; 3 (31)

Note that the rise time of a step convolved with the two-mode ZV
shaper is only 0.4 s, as opposed to the 2 s rise time needed for a
comparably effective S-curve. In this case, the S-curve is five times
longer than the corresponding input-shaped step input. Therefore, for
two-mode systems, the benefits of using input-shaped step inputs, as
opposed to S-curve commands, can be even greater than for single-
mode systems.

Given the significant rise-time advantage of input-shaped step
commands, it is obvious that S-curves are a poor alternative for
applications requiring rapid motion. However, S-curves have the
advantage of providing a low-pass filtering effect that does not occur
with shaped steps. Therefore, a reasonable approach for some special
types of multimode systems is to combine input shaping and
command smoothing. The smooth command should not attempt to
cancel the low mode; it is too slow for that. But a smooth command

could be used to attenuate the high frequencies without a significant
time penalty. For the two-mode case considered in this section, the
input shaper can be designed to suppress the low mode, and the first
notch in the S-curve frequency response can be set at the second
mode, using Eq. (27). The rise time using this shaped-smooth
command is shown by the dotted line in Fig. 17. This approach is a
significant improvement over just using S-curves, but it is still
sluggish compared to the two-mode input-shaped step inputs.

C. Systems with One Low Mode and a Range of High Modes

The two previous categories of single- and double-mode systems
certainly do not characterize all flexible systems. Another important
class of systems has one dominant low mode and a range of high
frequencies. Accordingly, in this section an example system with a
1 Hz mode and high-mode vibrations in the 20–80 Hz frequency
range is investigated.

When designing an S-curve command for the above system, its
rise time might be selected to be Rc � 2 s in order to cancel the 1 Hz
mode. The high modes would then be suppressed by the low-pass
filtering effect shown in Figs. 6 and 7. As the distance from the first
notch frequency to the higher frequencies increases, the low-pass
filtering of the S-curve becomes more effective. Hence, for systems
with a low mode and higher-order modes that are sufficiently above
the low mode, an effective S-curve can be designed only using the
low-mode frequency. Stated differently, high frequencies can be
cancelled at no extra cost in rise time. In spite of this advantage, the
rise-time duration of S-curves remains a drawback compared to input
shaping.

Input shaping is efficient for multimode systems and for high-
mode limiting (HML) [39]. An input shaper can be designed to
suppress the residual vibrations below a tolerable level, Vtol

[24,40,41]. For the example here, Vtol was set to 1% and the residual
vibration was suppressed between 20 and 80 Hz. The HML input
shaper obtained from these design constraints was then convolved
with a ZV shaper designed to suppress the 1 Hz mode. The complete
shaper suppresses the vibration to zero at 1 Hz and below 1% for
frequencies between 20 and 80 Hz. The rise time of a step input
convolved with the ZV-HML shaper is only 0.58 s. This is over 70%
faster than the corresponding 2 s S-curve that would be appropriate
for this system.

On these types of systems, S-curves and HML shapers offer
different advantages. Ideally, one would want a fast-rising input that
cancels the low mode and suppresses the high modes. Therefore,
intelligently combining the two command generation approaches, as
was done for the two-mode system, can yield a good solution. A
useful combination is achieved by convolving a very fast-rising S-
curve with an input shaper designed to suppress only the low mode.

Figure 18 shows a conceptual representation of this combined
effect. The frequency response curve shows a lightly damped low
mode at 2� rad=s (1 Hz). This peak would be counteracted by a
single-mode input shaper. The high frequencies starting at 20 Hz
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would be partially suppressed by the action of the low-mode shaper.
However, to ensure full suppression, the roll-off frequency of the
S-curve used as the baseline command is chosen to just precede the
high frequencies. From Eq. (27), we know that the rise time of the
S-curve is governed by the lower end of the high-mode range.
Consequently, for a range of frequencies above 20 Hz, Rc should be
0.1 s.When added to the duration of the ZV shaper designed for 1Hz,
the total rise time of the ZV-shaped S-curve is only 0.6 s. Therefore,
such a command has a rise time comparable to the ZV-HML shaper
(0.58 s duration).

This section has demonstrated that, for single-mode or multimode
systems, input-shaped step commands yield significantly shorter rise
times than S-curves. However, an input-shaped step and an input-
shaped aggressive S-curve are comparable in duration whenever the
system exhibits a lowmode and a highmode, or a range ofmodes that
are significantly higher than the low mode. Therefore, only systems
with awide range of problematic and uncertain highmodes should be
driven with input-shaped S-curve commands. In the absence of such
special conditions, an input-shaped step command can eliminate
vibration much faster than an S-curve.

IV. Robustness to Modeling Errors

In many cases, the system frequencies may not be known
accurately. It then becomes important to evaluate how this
uncertainty can translate into residual vibration. In this section, three
shapers are compared based upon their sensitivity tomodeling errors.
Two of these input shapers are the ZV shaper given in Eq. (1), and the
S-curve (SC) shaper given in Eq. (10). The third input shaper
evaluated is the extra-insensitive (EI) shaper [42], which is much
more robust than the ZV shaper, but lengthens the rise time.

The sensitivity curves of the three different shapers are shown in
Fig. 19. The insensitivity, defined as the width of each curve that lies
below a specified vibration level, provides a quantitative measure of
robustness. The ZV and SC shapers have a comparable 5%
insensitivity (the curve width at 5%). By contrast, the EI has a 5%
insensitivity almost seven times more than the other two shapers.
This increased robustness is accomplished with a rise time equal to
twice the duration of the ZV shaper, but only half the duration of the
SC shaper.

Analyzing only the shapers may not be sufficient to evaluate the
entire robustness properties of a command signal. This is because the
shapers may be convolved with baseline functions that have their
own vibration-reducing properties. The situation considered here is
when the SC shaper is convolvedwith the baseline function in Eq. (8)
and the ZVand EI shapers are convolved with a step function. In this
case, the baseline function used with the SC shaper is much less
aggressive. Therefore, it will act to further decrease vibration at high
frequencies. In addition, the physical hardware that is being moved
will also provide some filtering effects. Therefore, an exact compar-
ison of the robustness properties can only be performed through
experimentation on the actual machine. However, the sensitivity
curve for the EI shaper clearly demonstrates that large robustness to

modeling errors can be attained while driving a system twice as fast
as with an S-curve.

V. Experimental Results

To verify some of the key results presented here, experiments were
performed on a tower crane located at the Tokyo Institute of
Technology [43]. The crane, shown in Fig. 20, is approximately 2 m
high, and the outer limit of its reachable work space forms a 2-m-
diam circle. The crane rotates about thevertical axis; its trolleymoves
in and out relative to the support tower; and it hoists a payload up and
down. Encoders measure the radial, angular, and hoisting motion. A
downward-looking camera mounted on the trolley measures the
payload swing.

Crane motion is controlled in one of three modes: 1) local manual
control via a joystick and on-off buttons, 2) remote operation via the
internet that uses a graphical user interface that mimics the local
control box, and 3) fully automated motion where complete
trajectories can be downloaded to the control computer and
performed without a human operator. The experiments described
here were conducted in the fully automated mode.

Several components of the crane control system can be varied.
There are internal feedback gains in the motor controllers that
determine how well the motors track the desired trajectories. The
sampling frequency of the overhead camera affects the area over
which it can scan for the payload. The control parameters that are
used here are the maximum acceleration, maximum velocity, input
shaper, and the baseline reference command sent to the motor driver
that controls the trolleymotion in the radial direction. As an example,
Fig. 21 shows the trolley position when several S-curves are used to
move the trolley 305 mm.

The crane trolley obviously cannot make the instantaneous jumps
that correspond to a shaped step input. However, the cranemotors are
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very powerful, so velocity and acceleration limitsmust be enforced to
keep the hardware from being damaged by large inertia forces. The
result is that the input-shaped steps are converted to steep ramp
functions by the imposed actuator limits. This effect is shown in
Fig. 22 for the case when the acceleration limit is 25:4 m=s2 and the
velocity limit is 0:35 m=s. The net result is that the actual rise time is
approximately 1.5 s, instead of the 1 s rise requested by the input-
shaped step input. (Note that themotion using a 4 s S-curve also takes
slightly longer than 4 s.) This modification of the command is a
common occurrence on real machines and does not pose a problem
for input shaping, provided the transformation is fairly linear.

Using thewell-knownpendulum relationship between the payload
suspension length L, the gravitational constant g, and the oscillation
frequency, we know that the period of pendulum oscillation is

T � 2�

����
L

g

s
(32)

Recall that the rise time of an S-curve needs to be twice the oscillation
period in order to cancel the vibration:

RC � 2T � 4�

����
L

g

s
(33)

Solving for the pendulum length whose oscillation is canceled by an
S-curve we find

L� g
�
RC
4�

�
2

(34)

Therefore, a 4 s S-curve will cancel the oscillation of a pendulum
whose length is 994 mm. Of course, the length of a crane suspension
cable cannot be known with total accuracy, so it is of interest to
investigate the response with various size errors in the estimation of
the suspension length. The solid line in Fig. 23 shows the payload
response to a 4 s S-curve when the suspension length is

approximately 975 mm. As expected with such a small error, the
S-curve virtually eliminates the residual vibration.

The dotted line in Fig. 23 shows the payload response resulting
from a ZV-shaped step input that was designed for a 994 mm
suspension length, and then subjected to the above actuator
limitations. The results clearly demonstrate that the input shaping
works very well. It reduces the residual payload sway to near zero.
Furthermore, the 305 mm translational motion of the payload was
accomplished approximately 2.6 times faster than when the S-curve
was used.

When the payload is hoisted up and down, the payload oscillation
frequency changes. Using the S-curve input shaper in Eq. (10), we
can predict that the 4 s S-curve will cancel oscillations at 0.5, 1.0,
1.5 Hz, etc. These frequencies correspond to pendulum lengths of
994, 248, 110 mm, etc. Therefore, the 4 s S-curve would be a
reasonable choice for cranes operating with a 1 m suspension length.

A series of experiments was performed using the 4 s S-curve to
move payloads with various suspension lengths. The amplitude of
residual vibration, as a function of the suspension length, is shown in
Fig. 24. The S-curve does eliminate most of the oscillation near its
primary target length of 1 m. However, as the suspension length
increases, the residual vibration also increases. Furthermore, as the
suspension length decreases from 1 m, the residual oscillation also
increases to approximately 30 mm peak to peak. Additional
decreases in the suspension length cause the vibration to decrease
back towards zero as the pendulum frequency approaches the second
frequency that the S-curve can cancel (1.0 Hz). Similar experiments
were conducted for 3 and 5 s S-curves. The results from the entire
battery of tests are shown in Fig. 25.

The experimental findings reported here confirm that the vibration
analysis proposed in Sec. II can accurately predict the vibration-
canceling properties of smooth commands. Furthermore, they
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confirm the results in Sec. III, which showed that input-shaped step
functions can move a system at much higher speeds than S-curves.

VI. Conclusions

Smooth reference commands can be analyzed as input-shaped
functions by using a deconvolution process. This decomposition
allows smooth functions to be compared with the same performance
criteria as input-shaped step commands. A key result showed that S-
curves must be four times slower than step commands shaped with
zero-vibration shapers to eliminate vibration in a single-mode
system. For multimode systems, the time savings with input-shaped
steps can be even larger. When the system has an uncertain range of
high-frequency modes that contribute significant vibration ampli-
tude, a fast-rising, input-shaped S-curve can produce comparable
performance to input-shaped step inputs. A robustness analysis
showed input-shaped step profiles can be very robust to modeling
errors, while remaining significantly faster than S-curve commands.
Experimental results from a tower crane demonstrated the vibration-
reducing properties of both input-shaped step and S-curve
commands. Furthermore, they confirmed the large time savings of
input-shaped step commands relative to S-curve commands.
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